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Abstract
In this paper we use results from V. Pasol et al. [Math. Z. 238 (1) (2001) 101–114] and A. Popescu
et al. [Math. Nachr., submitted for publication] to construct unusual actions of the absolute Galois
group of Q on a large class of compact subsets of the complex plane. We describe the compact
subsets of C which admit such a Galois action and develop new techniques to study the connection
between the arithmetic of the absolute Galois group of Q and the topology of C.
 2003 Elsevier Inc. All rights reserved.
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Introduction
Let Q be the algebraic closure of the rational number field Q in the complex number
field C and let G= Gal(Q/Q) be the absolute Galois group of Q. In the present paper we
are concerned with certain unusual, yet natural actions of G on compact subsets of C, and
with the characterization of those plane compacts which admit such actions.
Our main tool is the spectral completion K˜ of a number field K ⊂ Q, namely, the
completion of K with respect to the spectral norm: ‖x‖ = sup{|σ(x)| | σ ∈ G}, where
x ∈ K and |.| is the usual absolute value on C. Such completions have been extensively
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A. Popescu et al. / Journal of Algebra 270 (2003) 238–248 239investigated in [3,4]. If T = {tn}n, tn ∈ Q, is a Cauchy class in the spectral completion Q˜
of Q, then, for any σ ∈ G, the sequence {σ(tn)}n is a Cauchy sequence relative to ‖.‖.
Let σ(T ) be its class in Q˜ and let O(T ) = {σ(T ) | σ ∈ G} be the orbit of T in Q˜. The
sequence {σ(tn)}n is also a Cauchy sequence in C. Let T(σ) be its limit in C and denote by
C(T )= {T(σ) | σ ∈G} the pseudo-orbit of T (see [3]).
In [4] the authors showed that for any compact C of C, symmetric with respect to the
Ox-axis (shortly, a symmetric compact), there exists an element T ∈ Q˜ such that C = C(T )
and the mapping ϕT :G→C, ϕT (σ )= T(σ), is a surjective continuous function. If instead
of G one works with GK0 = Gal(Q/K0), where K0 = Q(i), i =
√−1, then the above
property will hold true for any compact C of C.
We now briefly describe the content of this paper. In Section 1 we put together some
elementary results on archimedean valuations, which will be used in the sequel. Section 2
continues, from a new point of view, the study of topological generic elements initiated
in [4]. Let L be an algebraic extension of Q and let L˜ be the completion of L with respect
to ‖.‖. An element T of L˜ is said to be a topological generic element of L˜ if L˜ = Q˜[T ].
We say that T has property (H) if T(σ) = T(µ) implies σ(T ) = µ(T ) in Q˜. In Theorems
2.6 and 2.7 we prove that T is a topological generic element for L˜ if and only if T has
property (H). Using this last characterization, in Theorem 2.9 and Corollary 2.10 we prove
that if T has property (H) and if C(T ) = C(S) then S has property (H) too and S and T
are conjugate in Q˜ relative to G.
In Section 3 we define the fundamental notion of a transitive Galois action of G on a
compact subset of C. As we shall see, for any element T of Q˜ with property (H), the action
(σ,T(µ))→ T(σµ) is a transitive Galois action on the compact C(T ).
Next, we introduce a class of compact subsets of C (Cantor compacts, or compacts
with symmetric uniform coverings), and show that these are exactly the compact subsets
of C on which one can construct a transitive Galois action (Theorems 3.1, 3.2, 3.4 and
Corollary 3.3).
1. Some elementary results on archimedean valuations
We first put together some classical results from the archimedean valuation theory onQ,
the algebraic closure of the rational number field Q in the complex number field C. We
begin with some general definitions and results.
Definition 1.1. A valuation of a field K is a function |.| :K → R enjoying the following
properties:
(i) |x| 0 for all x ∈K and, |x| = 0 if and only if x = 0,
(ii) |xy| = |x| |y|,
(iii) |x + y| |x| + |y| for any x, y ∈K .
Two valuations of K are called equivalent if they define the same topology on K .
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there exists a real number s > 0 such that one has |x|1 = |x|s2 for all x ∈K .
Theorem 1.2 (Approximation Theorem [2]). Let |.|1, . . . , |.|n be pairwise nonequivalent
valuations of the field K and let a1, . . . , an be arbitrary elements in K . Then for every
ε > 0 there exists an x ∈K such that |x − ai |i < ε for all i = 1, . . . , n.
If the set {|n| | n ∈N} is unbounded we say that the valuation |.| is archimedean.
We know from a theorem of Ostrowski (see [2, p. 124]) that the only archimedean
valuations of Q are |.|(σ ), where |x|(σ ) = |σ(x)|, σ is an automorphism of Q. Here |.| is
the usual absolute value of C: |a + ib| = √a2 + b2 for a, b ∈R, i =√−1.
Lemma 1.3. Let e¯ be the complex conjugation automorphism of Q, e¯(x + iy)= x − iy ,
where x + iy ∈ Q and x, y ∈ R. Let σ and µ be two automorphisms of Q such that
|σ(a)| = |µ(a)| for any a ∈Q. Then σ = µ or σ = e¯µ.
Proof. Since any b ∈ Q may be written as b = σ(a) we may assume that σ = e, the
identity automorphism of Q. We may also suppose that µ(i) = i (replace otherwise µ
by e¯µ). With these hypotheses and if |b| = |µ(b)| for any b ∈Q we shall prove that µ= e.
Assume µ = e and let us take L, the field fixed by µ. Since L =Q we can find α ∈Q such
that {1, α} is linearly independent over L. Since µ(i) = i , Q(i) ⊂ L. But |α| = |µ(α)|,
|q + znα| = |q + znµ(α)| for any q ∈ Q and zn ∈ Q(i). Let us now choose a sequence
{zn}n, zn ∈ Q(i) such that zn → 1/α. Then |−1 + znµ(α)| → 0, or zn → 1/µ(α), i.e.,
α = µ(α), which contradicts the choice of α. Hence µ= e and the proof is complete. ✷
Corollary 1.4. Let σ , µ be two automorphisms of Q such that σ = e¯µ and σ = µ. Then
the valuations |.|(σ ) and |.|(µ) are nonequivalent valuations.
Proof. Assume that |.|(σ ) and |.|(µ) are equivalent. Then, by Proposition 1.1, there exists
s > 0 such that |x|(σ ) = |x|s(µ) for all x ∈Q. Take x ∈Q and find that s = 1. Then we apply
Lemma 1.3 and find that σ = µ or σ = e¯µ, which is a contradiction. Hence |.|(σ ) and |.|(µ)
are nonequivalent valuations. ✷
Proposition 1.5. Let h0, h1, . . . , hn, . . . be an arbitrary sequence of integers with hn > 1
for all n = 0,1, . . . . Then there exists a tower of algebraic number fields K0 =
Q(i) ⊂ K1 ⊂ K2 ⊂ · · · ⊂ Q with [Kn+1 : Kn] = hn and such that the valuations
|.|(µ1), . . . , |.|(µhn), defined by the distinct Kn-embeddings of Kn+1 in Q, are nonequiv-
alent. Moreover, the valuations |.|(σ1), . . . , |.|(σNn) produced by all the K0-embeddings of
Kn in Q are nonequivalent.
Proof. It is enough to prove that if K and L are two finite algebraic number fields such
that Q(i) ⊂ K ⊂ L, [L : K] = m > 1, then all the distinct K-embeddings µ1, . . . ,µm of
L in Q produce nonequivalent valuations. Assume µ1 and µ2 are equivalent. Then there
exists s > 0 such that |µ2(x)| = |µ1(x)|s for any x ∈ L. In particular, for x ∈ K the last
A. Popescu et al. / Journal of Algebra 270 (2003) 238–248 241equality implies s = 1. Let a be in L such that L=K(a). Then {1, a} is linear independent
over K and we consider xn = 1 + zna, where {zn} is a sequence of elements in Q(i),
which is convergent to −1/µ1(a). Hence µ1(xn)→ 0. Since |µ2(xn)| = |µ1(xn)| → 0,
we deduce that |1 + znµ2(a)| → 0, or zn →−1/µ2(a), i.e., µ1(a) = µ2(a) which is a
contradiction. ✷
Remark 1.1. Proposition 1.5 still holds in case one replaces K0 =Q(i) by K0 =Q.
2. Topological generic elements and the structure of C(T )
Let T be an element of Q˜, the completion of Q relative to the spectral norm: ‖x‖ =
sup{|σ(x)| | σ ∈ G}. We denote by Galcont(Q˜/R) the group of all the extensions by
continuity of elements from Gal(Q/Q)=G. In the following, we identify Galcont(Q˜/R)
with G. Let us denote H(T ) = {σ ∈ G | σ(T ) = T }. Here σ(T ) is the class in Q˜
of the Cauchy sequence {σ(tn)}n, where tn ‖.‖= T , tn ∈ Q. For any σ ∈ G we denote
T(σ)
|.|= limn→∞ σ(tn) and C( T ) = {T(σ) | σ ∈ G}, the pseudo-orbit of T . Following [4],
we say that T is a topological generic element if there exists an algebraic number field L
such that T is a topological generic element for L˜, that is, L˜ = Q˜[T ]. It is proved in [4]
that any L˜ has such a topological generic element T .
We want to find an intrinsic characterization of topological generic elements of Q˜.
Lemma 2.1.H(T ) is a closed subgroup ofG. Here G is considered with the Krull topology
on it.
Proof. It is obvious that H(T ) is a subgroup of G. We prove now that H(T ) is closed.
Let µ0 /∈ H(T ), i.e., µ0(T ) = T and a ∈ Q such that ‖a − T ‖ < 12‖T − µ0(T )‖. Let
V (a;µ0) = {µ ∈ G | µ(a) = µ0(a)} be the neighborhood of µ0 in G defined by a.
We prove that V (a;µ0) ∩ H(T ) = ∅. Let µ ∈ H(T ) such that µ(a) = µ0(a). Then
‖T −µ0(T )‖ ‖T −µ0(a)‖+ ‖µ0(a)−µ0(T )‖. But T = µ(T ) and ‖µ(T )−µ0(a)‖ =
‖µ(T )−µ(a)‖ = ‖µ0(a)−µ0(T )‖ = ‖a− T ‖. Hence ‖T −µ0(T )‖ 2‖a− T ‖, which
contradicts the choice of a. This means that H(T ) is a closed subgroup of G. ✷
We know [4] that the mapping σ ϕT−−→ T(σ) is a continuous function from G to C(T ). In
particular C(T ) is a compact subset of C. We now recall the following result from [4].
Lemma 2.2. The map X→ ϕX , ϕX(σ) = X(σ) is an R-isometrical embedding of Q˜ into
C(G), the C-Banach algebra of all the continuous functions defined on G with values in C.
Proof. It is enough to see that ‖X‖ = sup{|X(σ)| | σ ∈G}. ✷
Lemma 2.3. One has σ ∈H(T ) if and only if T(µσ) = T(µ) for any µ ∈G.
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T(µ) for all µ ∈ G. Recall that σ(T ) is by definition the class of the Cauchy sequence
{σ(tn)}n relative to the spectral norm [4]. We know that X = Y in Q˜ if and only if
X(σ) = Y(σ) for all σ ∈ G (‖X − Y‖ = sup{|X(σ) − Y(σ)| | σ ∈ G}). Hence the equality
T(µσ) = T(µ) for all µ ∈G implies σ(T )= T , that is σ ∈H(T ). ✷
Definition 2.1. We say that T ∈ Q˜ has property (H) if T(µ1) = T(µ2) implies µ−11 µ2 ∈
H(T ), i.e., the continuous surjection from O(T ) to C(T ) given by µ(T ) → T(µ) is a
bijection.
Theorem 2.4. The mapping µH(T ) ϕˆT−−→ T(µ) from the compact set G/H(T ) of all the
left cosets of G, relative to H(T ), to C(T ) is a homeomorphism if and only if T has
property (H).
Proof. We use the fact that µ → T(µ) is a continuous function from G to C(T ) (see
[4]) and fix a T(µ0) ∈ C(T ) and an ε > 0. Let V (a;µ0) be the neighborhood of µ0
in G defined by a such that |T(µ0) − T(µ) | < ε for all µ ∈ V (a;µ0). We prove in the
following that if µ ∈ V (a;µ0) and σ ∈H(T ), then |T(µ0) − T(µσ)|< ε. But T(µσ) = T(µ)
(from Lemma 2.3), so that |T(µ0) − T(µσ)| = |T(µ0) − T(µ)| < ε. Hence µH(T )→ T(µ)
is continuous. This mapping is a bijection if and only if T has the property (H). Since
G/H(T ) and C(T ) are compact spaces, a continuous bijection between them is in fact a
homeomorphism and the proof is complete. ✷
Corollary 2.5. If T has property (H) then C(T ) is a totally disconnected subset of C.
Remark 2.1. In [4] it is proved that any symmetric compact C in C is the pseudo-orbit of
an element T of Q˜. Theorem 2.4 shows that if C is a connected subset of C (a segment of
a line or a square, for instance), then it is not possible to choose T with property (H).
The following result gives us a class of elements T in Q˜ which have property (H).
Theorem 2.6. Let L be a subfield of Q and let T be a topological generic element of L˜,
i.e., L˜= Q˜[T ] (see [4, Theorem 2.1]). Then T has property (H).
Proof. Let σ,µ ∈ G be such that T(σ) = T(µ), let x ∈ L and let ε > 0 be a small
real number. Then x ‖.‖= limn→∞ Pn(T ), where Pn(T ) ∈ Q[T ]. Let {tm}m, be a Cauchy
sequence in L which defines T . Then
lim
m→∞Pn
(
σ(tm)
)= Pn(T(σ))= Pn(T(µ))= lim
m→∞Pn
(
µ(tm)
)
.
Let us choose n such that ‖x − Pn(T )‖< ε/6. This implies that
∥∥σ(x)− Pn(σ(T ))
∥∥< ε/6 and ∥∥µ(x)− Pn(µ(T ))
∥∥< ε/6.
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∥∥Pn(σ(T ))− Pn(σ(tm))
∥∥< ε/6 and ∥∥Pn(µ(T ))− Pn(µ(tm))
∥∥< ε/6.
It follows that
∥∥σ(x)− Pn(σ(tm))
∥∥< ε/3 and ∥∥µ(x)− Pn(µ(tm))
∥∥< ε/3.
We may eventually increase m such that ‖Pn(µ(tm)) − Pn(σ(tm))‖ < ε/3. Finally, we
see that |σ(x) − µ(x)| < ε, i.e., σ = µ on L. Hence σ(T ) = µ(T ) and so T has
property (H). ✷
Theorem 2.7. Let T be an element of Q˜ which has property (H) and L = InvH(T ) =
{x ∈ Q | σ(x) = x for all σ ∈ H(T )}. Then L˜ = Q˜[T ], i.e., T is a topological generic
element of L˜.
Proof. From [4, Theorem 1.8] we know that L˜[i] = C(G/H(T )), where C(G/H(T )) is
the C-Banach algebra of all the continuous functions defined on the compact set of all
the left classes of G relative to the closed subgroup H(T ) and i =√−1 is the constant
function f (σˆ )= i . We now apply the Stone–Weierstrass Theorem (see [1], or [5]) to the
subalgebra B =Q˜[T ][i]. We prove that B separates the points of G/H(T ). Let σ,µ ∈G
such that σH(T ) = µH(T ). Since T has property (H), T(σ) = T(µ), hence ϕˆT (σ ) = ϕˆT (µ)
i.e., ϕˆT separates the points of G/H(T ) and then Q˜[T ][i] = C(G/H(T )) = L˜[i]. Since
Q˜[T ] ⊂ L˜, we conclude that Q˜[T ] = L˜ which completes the proof. ✷
Corollary 2.8. Let T1 and T2 be two elements in Q˜ which have property (H). Then the
following assertions are equivalent:
(i) H(T1)⊂H(T2),
(ii) Q˜[T1] ⊃ Q˜[T2].
Proof. For (i) ⇒ (ii) we directly apply Theorem 2.7. The implication (ii) ⇒ (i) does not
assume that T1 and T2 have property (H). Indeed, if σ ∈ H(T1), then σ(T1) = T1 and
T2
‖.‖= limn→∞ Pn(T1). Then σ(T2) ‖.‖= limn→∞ Pn(σ(T1))= T2, i.e., σ ∈H(T2). ✷
We now consider the following problem. Given two elements T and S of Q˜ such that
T has property (H) and C(T ) = C(S), what can be said about T and S? Does S have
property (H)?
Theorem 2.9. Let T and S be two elements of Q˜ such that T has property (H) and
C(T ) = C(S). Then there exists σ0 ∈ G = Galcont(Q˜/R) = Gal(Q/Q) such that S =
σ−1(T ).0
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lim tn, where tn ∈Q∩ Q˜[T ]. Hence tn ‖.‖= limm→∞ Fn,m(T ), where Fn,m(T ) ∈Q[T ] for all
n,m = 1,2, . . . . We shall prove that for any fixed n, {Fn,m(S)}m is a Cauchy sequence
relative to the spectral norm of Q˜. Since for any x ∈ Q˜, ‖x‖ = sup{|x(σ)| | σ ∈ G}, it is
enough to prove that for any ε > 0 there exists a m0 such that
∣∣Fn,m+p(S(σ))− Fn,m(S(σ))
∣∣< ε for any m>m0, p ∈N and σ ∈G.
But S(σ) = T(µ) for some µ ∈ G and everything follows from the convergence of
{Fn,m(T )}m. Let Sn ‖.‖= limm→∞Fn,m(S). Since
(Sn)(σ )
|.|= lim
m→∞Fn,m(S(σ))= limm→∞Fn,m(T(µ))= (tn)(µ) for µ= e,
we obtain tn = (Sn)(σn), with σn ∈ G. Hence (tn)(τ ) = (Sn)(τσn) for any τ ∈ G, i.e.,
tn = σn(Sn). Since {σn}n is a sequence in a compact group, we may assume that {σn}n
is convergent to a σ0 ∈G. But Sn ‖.‖= S. Indeed,
‖Sn − S‖ = sup
σ∈G
∣∣(Sn)(σ ) − S(σ)
∣∣= sup
µ∈G
∣∣(tn)(µ) − T(µ)
∣∣= ‖tn − T ‖→ 0.
Since the mapping σ → σ(S) is a continuous function from G to O(S) (see [4], for
instance), we finally obtain that T = σ0(S). ✷
Corollary 2.10. Let T be an element of Q˜ which has property (H) and let S be in Q˜ such
that C(T )= C(S). Then S has property (H) too.
Proof. From the definition one has that S = σ0(T ). Let now σ,µ ∈G such that S(σ) = S(µ)
and let τ be an arbitrary element of G. Then
S(τσ) =
(
σ0(T )
)
(τσ )
= T(τσσ0)
and S(τµ) = T(τµσ0). But S(σ) = S(µ) implies T(σσ0) = T(µσ0) and, since T has property
(H), one obtains that T(τσσ0) = T(τµσ0), so S(τσ) = S(τµ) for any τ ∈G. ✷
3. Galois actions on plane compacts
Definition 3.1. Let C be a compact subset of C. We say that a transitive Galois action is
defined on C if there exists an action of G = Gal(Q/Q) on C : (σ, c)→ σ ∗ c such that
the orbit of any element of C relative to G is the whole C and, for any fixed c in C, the
mapping σ → σ ∗ c is a continuous function from G (with the Krull topology) to C (with
the induced topology from C).
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G. Then C = {α,σ2(α), . . . , σn(α)}, where n = deg(α). G acts on C in the natural way:
σ ∗ σi(α)= σσi(α). It is easy to show that this action is a transitive Galois action on C.
Example 3.2. Let T be an element of Q˜ which has property (H). Then µ ∗ T(σ) = T(µσ) is
a transitive Galois action on the pseudo-orbit C(T ) and H(T )= {σ ∈G | σ ∗ T(e) = T(e)}.
Indeed, if T(σ) = T(τ), then σ(T ) = τ (T ), or (σ (T ))(µ) = (τ (T ))(µ) for every µ ∈G.
From this last equality we obtain that T(µσ) = T(µτ). The continuity of µ→ T(µσ) for
any fixed σ ∈ G is obtained from the continuity of the two mappings: µ → µσ and
µσ → T(µσ). The transitivity results from the identity: T(σ) = (σµ−1) ∗ T(µ). The last
statement is a direct consequence of the definitions.
In particular, if T is a topological generic element then µ ∗ T(σ) = T(µσ) is a transitive
Galois action on the compact set C(T ).
From definition we see that if C is a compact subset of C on which we have a transitive
Galois action, then C has a special structure. We want to find in what follows a complete
topological description of such compact sets.
Definition 3.2. Let C be a compact subset of C. We say that C has a uniform covering (or
that C is a Cantor compact) if there exist:
(1) a sequence of real numbers ε1  ε2  · · ·, εn→ 0 as n→∞, and
(2) a sequence of nonnegative integers, N1 = 1 < N2 < · · · < Nk < · · ·, with hk =
Nk+1/Nk an integer, such that for any pair (εn,Nn), n = 1,2, . . . , one can find a
disjoint reduced covering of C with compact subsets of itself, Cn1, . . . ,CnNn with
diameters  εn. Moreover, these coverings have the following property: any Cni ,
n = 1,2, . . . , contains the same number, hn, of subsets Cn+1,j , j ∈ {1,2, . . . ,Nn+1}
for any i = 1,2, . . . ,Nn.
If C is symmetric we say that C has a symmetric uniform covering if C+ = {z =
x + iy ∈ C | y  0} has a uniform covering {Cni}n,i as above and C− = {z = x + iy ∈
C | y  0} has the uniform covering {e¯(Cni)}n,i , the conjugate of the first.
Example 3.3. The classical Cantor set, or plane compacts obtained in the same way, are
compacts with uniform coverings. In fact, it is very easy to construct such compact sets. For
any n = 1,2, . . . , we consider a set of Nn disjoint compacts with diameters εn, Sn, such
that any compact from Sn contains exactly hn disjoint compacts from Sn+1. The direct
limit of the projective system {Sn}n is a compact with a uniform covering.
Example 3.4. Any compact set in C which has at least one isolated point, has no uniform
covering. No connected compact subset of C has a uniform covering.
Theorem 3.5. Let T be a transcendental element of Q˜ which has property (H). Then the
pseudo-orbit C(T ) of T is a symmetric compact with a symmetric uniform covering.
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function. In case T has property (H) this function is also injective. Let us take now a
system of neighborhoods of e in G :G⊃G1 ⊃G2 ⊃ · · · ⊃Gn ⊃ · · · ⊃ {e}, [G :Gn]<∞
for every n. For every n, let G = ⋃Nni=1 σn,iGn, be the decomposition of G relative
to the subgroup Gn and G/H(T ) = ⋃Nni=1(σn,iGnH(T )/H(T )), the corresponding
decomposition of the compact set G/H(T ). Let us denote Cni = f (σn,iGnH(T )/H(T )).
Since f is a continuous bijection, it is easy to prove that {Cni}n,i , n = 1,2, . . . , i =
1,2, . . . ,Nn, provides C(T ) with a symmetric uniform covering. Here hn = [Gn+1 : Gn]
and εn is the maximum of the diameters of the compacts Cni . ✷
The following result describes the structure of the symmetric compacts with a sym-
metric uniform covering.
Theorem 3.6. Any symmetric compact subset C of C which has a symmetric uniform
covering is of the form C(T ), where T ∈ Q˜ has property (H).
Proof. SinceC is symmetric we may writeC = C+∪C−, whereC+ = {z ∈C | z= x+ iy ,
y  0} andC− = {z ∈C | z= x+iy , y  0}. If e¯ is the complex conjugation automorphism
of G, then C− = e¯(C+). Let G0 = Gal(Q/K0), where K0 =Q(i) and ‖x‖0 = sup{|σ(x)| |
σ ∈ G0}, the spectral norm of x ∈ Q relative to G0. It is clear that ‖x‖0 = ‖x‖ for any
x ∈Q. But the pseudo-orbit C0(T ) of an element T ∈ Q˜ relative to G0, is a compact subset
of C(T ). Since G=G0∪ e¯G0 and G0∩ e¯G0 = ∅, we may write C(T )= C0(T )∪ e¯(C0(T )).
Therefore, it is enough to prove that C+ is of the form C0(T ) for an element T ∈ Q˜ which
has property (H).
We use now the notations from Definition 3.2 for C+ instead of C. Let us consider for
any n= 1,2, . . . the open subsets Dn1, . . . ,DnNn which contain respectively the compact
subsets Cn1, . . . ,CnNn and separate them namely, Dni ∩Dnj = ∅ for i = j . Moreover, we
may assume that the diameters of Dni tend to zero as n→∞. From Proposition 1.5 one
can construct a tower of algebraic number fields K0 = Q(i) ⊂ K1 ⊂ K2 ⊂ · · · ⊂ Q with
hn = [Kn+1 : Kn] and such that the valuations |.|(µ1), . . . , |.|(µNn) defined by the distinct
K0-embeddings of Kn in Q are nonequivalent. Therefore, for any n = 1,2, . . ., one can
choose αn ∈Kn such that Kn = L(αn) and every conjugate of αn lies exactly in one of the
open subsets Dni , i = 1,2, . . . ,Nn. We must take care of the ordering of these conjugates.
Namely, if the restriction of σ to Kn−1 is µ, then µ(αn−1) and σ(αn) must belong to
the same subset Dn−1,j . Taking into account this construction, it is not difficult to prove
that the sequence {αn}n is a Cauchy sequence relative to the spectral norm ‖.‖. Let T ‖.‖=
limn→∞ αn in Q˜. IfK =⋃∞i=1 Ki,T belongs in fact to K˜ . Since T(σ) |.|= limn→∞ σ(αn) and
σ(α1), . . . , σ (αn), . . . belong to a tower of decreasing (in diameters) open subsets which
contain compacts subsets of the form C1i1 ⊃ C2i2 ⊃ · · · ⊃ Cnin ⊃ · · · , we conclude that
C0(T ) = C+. In fact, both C0(T ) and C+ are direct limits of the same projective system
of compact subsets. It remains to prove that T has property (H). Let σ,µ ∈ G such that
T(σ) = T(µ). We may assume that σ,µ ∈ G0. If there exists an n ∈ {1,2, . . .} such that
σ(αn) = µ(αn) then, since σ(αn), T(σ) ∈ Dni and µ(αn), T(µ) ∈ Dnj , where i = j (so
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and then τσ (x)= τµ(x) for any τ ∈G0. In particular τσ (αn)= τµ(αn) for n= 1,2, . . . .
Taking limits we obtain that T(τσ) = T(τµ) for any τ ∈G0, i.e., σ(T ) = µ(T ) in Q˜. This
means that σ−1µ ∈H(T ) which completes the proof of the theorem. ✷
Corollary 3.7. Let C be a symmetric compact subset of C which has a symmetric uniform
covering. Then there exists a transitive Galois action of G on C. Namely, if T ∈ Q˜ and
T has property (H) such that C = C(T ) (Theorem 3.2), then σ ∗ T(µ) = T(σµ) is such a
transitive Galois action of G on C.
Proof. We simply apply Theorem 3.2 and Example 3.2. ✷
We now prove that only the symmetric compact subsets ofC equipped with a symmetric
uniform covering, admit transitive Galois actions.
Theorem 3.8. Let C be a symmetric compact subset of C on which we have a transitive
Galois action of G : (σ, c)→ σ ∗ c such that e¯ ∗ c = c, the complex conjugate of c. Then
C = C(T ), where T ∈ Q˜ and T has property (H). In particular C has a symmetric uniform
covering.
Proof. Let a be a fixed element ofC and let f :G→ C, f (σ)= σ ∗a be the corresponding
continuous surjective function (see Definition 3.1). It is easy to see that f is a symmetric
function, i.e., f (e¯σ ) = f (σ). We know from [4, Corollary 1.7] that Q˜ is isomorphic to
the R-Banach subalgebra of all the symmetric functions of C(G). This isomorphism is
T → ϕT , where ϕT (σ ) = T(σ). In our case one obtains that f = ϕT for a T ∈ Q˜ and
C(T )= C. It remains to prove that T has property (H). Let σ,µ ∈G such that T(σ) = T(µ),
or σ ∗ a = µ ∗ a. Since (σ, c)→ σ ∗ c is a group action, one has τ ∗ (σ ∗ a)= τ ∗ (µ ∗ a),
or (τσ ) ∗ a = (τµ) ∗ a for any τ ∈ G. Hence T(τσ) = T(τµ) for any τ ∈G and so T has
property (H). From Theorem 3.5 one obtains that C = C(T ) has a uniform covering and
the proof is complete. ✷
The main idea in this paper is that only on compact sets of “Cantor type” one can
construct transitively Galois actions and, in this case, the structure of these actions can be
completely described by the orbits of elements of Q˜.
Remark. If we replace the group G by a subgroup of it, G′ = Gal(Q/L), where L is
an arbitrary number field and the spectral norm ‖.‖ is replaced by ‖.‖L = sup{|σ(x)| |
σ ∈G′}, one obtains a similar theory. In general, some restrictions appear on the compact
subsets C of C which can be written as C = CL(T )= {T(σ) | σ ∈G′} for an element T in
the completion of Q relative to ‖.‖L. The situation is nicer in some cases. For instance, if
L=Q(i) then any compact (not necessarily symmetric) subset of C is of the form CL(T )
for a T ∈ Q˜ and Theorems 3.5, 3.6, 3.8 have analogous statements (from which the word
“symmetric” disappears).
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